By combining the simplest (3,1) version of the seesaw mechanism containing a single heavy "righthanded" neutrino with the minimal scotogenic approach to dark matter, we propose a theory for neutrino oscillations. The "atmospheric" mass scale arises at tree level from the seesaw, while the "solar" oscillation scale emerges radiatively, through a loop involving the "dark sector" exchange. Such simple setup gives a clear interpretation of the neutrino oscillation lengths, has a viable WIMP dark matter candidate, and implies a lower bound on the neutrinoless double beta decay rate.
I. INTRODUCTION
So far the only neutrino mass parameters which have been experimentally measured are the two mass square splittings associated with the "atmospheric" and "solar" neutrino oscillations [1, 2] . Precision measurements at reactor and accelerator-based experiments [3, 4] further strengthen the three-neutrino oscillation paradigm. The corresponding ratio of squared solar-to-atmospheric mass splittings is found to be [5] (1) at 1 σ C.L. This ratio is necessary in order to describe the neutrino oscillation data successfully. The existence of these two different mass scales could be indications that maybe the two mass scales arise from two very different mechanisms.
Likewise, despite our inability to pin down its nature, we have firm evidence for the existence of cosmological dark matter [6] . Altogether, the lack of neutrino masses and of a viable dark matter candidate constitute two of the main drawbacks of the standard SU(3) c ⊗ SU(2) L ⊗ U(1) Y model of particle physics whose minimal gauge structure we tacitly assume here.
Accommodating neutrino oscillation parameters within a minimal tree level type-I seesaw extension of the standard model requires two isosinglet fermion messengers 1 i.e. the (3,2) seesaw, instead of the "complete" sequential (3, 3) seesaw scenario. Indeed, this (3,2) seesaw possibility, first suggested in [7] , has been recently studied in Ref. [8] .
It is clear however that, in the presence of adequate radiative corrections, the minimal (3,1) type-I seesaw picture could be sufficient. Unfortunately, in such minimal (3,1) type-I seesaw setup the required mass splittings needed to describe solar neutrino oscillations do not emerge automatically. Moreover, the problem of having a suitable dark matter candidate remains unresolved. Here we show that both of these requirements can be met by consistently implementing the scotogenic mechanism proposed by Ernest Ma [9] . In this letter we propose a scotogenic extension of the simplest (3,1) seesaw mechanism that provides a very clear interpretation of the two observed oscillation scales and the associated messengers. To first approximation we generate only the atmospheric scale, from the tree level exchange of the single isosinglet neutrino messenger present in the minimal (3,1) type-I seesaw mechanism [7] . At this stage two neutrinos are left massless, so there are no solar neutrino oscillations. We then show that this mass degeneracy is lifted by calculable radiative corrections of the scotogenic type. These involve the one-loop exchange of dark messengers, responsible for generating the solar scale, thus naturally accounting for the observed smallness of solar-to-atmospheric ratio in Eq. (1). The lightest radiative neutrino mass messenger associated to the solar mass scale provides the observed cosmological dark matter in the form of a thermal weakly interacting massive particle (WIMP).
II. THE MINIMAL SCOTOGENIC SEESAW

A. The Yukawa Sector
Here we describe our minimal scotogenic seesaw mechanism. Our basic template is the "incomplete" (3,1) type-I seesaw mechanism proposed in Ref. [7] , containing a single heavy isosinglet neutral lepton, we call N . To this we add a dark sector, odd under the assumed "dark Z 2 parity", consisting of one scalar η and one fermion f , indicated in the last two columns of table I. As mentioned, this theory is consistent, since gauge singlets carry no anomaly. The full Yukawa sector is given by:
where L SM is the standard model Lagrangian and
induces an effective non-zero tree level neutrino mass, once the electroweak symmetry is broken by the vacuum expectation value of the standard model Higgs. This scale is identified as the atmospheric scale. (3, 1) in [7] .
Note that, by itself, Eq. (3) leads neither to a dark matter candidate, nor to solar neutrino oscillations. The minimal way to generate the solar neutrino mass scale is to add the two "dark" messenger fields, one boson and one fermion, indicated in the last two columns of table I. Note that the fermion f is intrinsically distinct from the isosinglet N as it is odd under the Z 2 symmetry. The Lagrangian corresponding to the scalars responsible for the solar and dark sector is given by
The quantum corrections coming from the "scotogenic" loop [9] will now induce the smaller solar scale. Note that the last row in Table I indicates the minimum required field multiplicity ensuring the presence of one atmospheric seesaw messenger and the dark matter candidate, interpreted as the lighter of the messengers responsible for generating the solar neutrino scale.
In short, our proposal is the simplest scotogenic completion of the (3,1) seesaw model, defined in Eqs. (2, 3, 4) . This minimal setup provides a very simple picture where the atmospheric scale arises at the tree level while the solar scale follows from calculable loop corrections, hence matching the observed smallness of one with respect to the other, given in Eq. (1). These features emerge [10, 11] in more complicated supergravity schemes based upon spontaneous [12] or bilinear breaking of R parity [13] . However, within the supersymmetric picture, due to the breaking of R-parity, there is no stable WIMP dark matter candidate. In contrast, in the present much simpler setup, by construction the existence of WIMP dark matter is ensured.
B. The Scalar Sector
The scalar potential must include a second doublet η, with the same quantum numbers as the standard model Higgs doublet, but with Z 2 -odd parity. It can be written as
Since the Z 2 symmetry is exactly conserved, the mixings between the Higgs doublet and η are forbidden. The mass spectrum for the components of the η doublet are given by
Note that the doublet η in the scalar potential is analogous to the one present in the popular inert Higgs doublet model [14] . However, in our present theory we have a new feature associated with the key role of the coupling λ 5 , related to the breaking of lepton number responsible for solar neutrino mass generation [15] , a feature absent in the inert Higgs doublet scheme 2 .
III. NEUTRINO MASSES A. Tree Level Structure
The tree level part of our model gives rise to a neutrino masses matrix M ij ν given by
in the basis (L k , N ) T . This clearly has a projective structure: 
B. Radiative Contributions
There are quantum corrections to Eq. (9) arising from loop diagrams. Most will simply correspond to renormalization of our (3,1) type-I seesaw mechanism, reproducing the same projective structure that leads to the masslessness of the two lighter neutrinos. These corrections are indicated by a blob in (11) given below,
Such corrections only redefine the parameters and do not add a new independent neutrino mass scale, needed in order to account for solar neutrino oscillations. Hence the mechanism generating the latter must be intrinsically different from the N-mediated seesaw. In order to implement this we clone our (3,1) seesaw mechanism with an independent low-scale mechanism of neutrino mass generation [16, 17] of the scotogenic type [9, [18] [19] [20] [21] [22] [23] [24] . This last step is crucial in order to complete the theory with an experimentally testable dark matter sector. In this case there are genuinely calculable quantum corrections arising from Fig. (1) , and involving the exchange of the scalar and fermionic dark messengers η and f . Though also projective, these corrections can not be renormalized away, and break the degeneracy of neutrino masses intrinsic to the "incomplete" nature of the (3,1) type-I template seesaw mechanism. The total neutrino mass has the structure
where the function F is a loop function, expressed as the difference of two B 0 -Veltman functions, namely,
One sees that these are "genuine" corrections with a different structure, that can lift the degeneracy and thus generate the solar neutrino mass splitting. Moreover, there are parametrically unrelated to the tree level masses. As shown above in (11) , it is simple to understand in diagrammatic form the different structure of the tree and loop contributions. Moreover, given the projective nature of both terms in Eq. (12) one of the three neutrinos remains massless.
We now give a simple estimate of the relevant parameters required in order to account for the observed neutrino oscillations. The solar and the atmospheric square mass differences can be estimated by each of the eigenvalues of the tree level and radiative contributions to the neutrino mass matrix in Eq. (12)
The expression for ∆m 2 SOL is obtained through Eqs. (6) and (7), where we take
for a = f, N , which summarizes the role of the Yukawa couplings.
Hence, the ratio between the solar and atmospheric square mass differences can be estimated by:
As an example, the case of scalar WIMP dark matter can be realized by choosing
, it can easily fit the solar and atmospheric scales as well as their ratio in Eq. (1), as long as one takes an adequately small value for λ 5 . The latter indicates symmetry protection since, as λ 5 → 0, lepton number is recovered in the radiative sector. The upshot of the discussion is that one can easily fit for Eq. (1), by making reasonable and natural parameter choices.
IV. DISCUSSION AND OUTLOOK
Having proposed the minimal setup for neutrino mass and dark matter, some comments are in order. First we note that neutrino masses arise from the interplay of tree level and quantum corrections, in a way remiscent of supersymmetric models with bilinear breaking of R-parity. However, our theory is much simpler and, by construction, more complete, as it naturally incorporates the existence of a dark matter particle. The setup is minimalistic, though realistic, having effectively two messengers, the tree-level seesaw atmospheric messenger, and the radiative dark messenger responsible for inducing solar neutrino oscillations. Given the fact that one of the three neutrinos is massless in our model, and given the current information on the neutrino oscillation parameters [5] , one finds that the neutrinoless double beta decay (0νββ) amplitude never vanishes [25] . Indeed, the "incomplete messenger" structure of our model translates into a lower bound for 0νββ. This holds even if the ordering of light neutrino mass eigenvalues is of the normal type, as currently preferred by the oscillation data.
Concerning dark matter we stress that the model has a built-in dark matter candidate that can be detected by nuclear recoil experiments such as Xenon-1T [26, 27] . Alternative options as well as extended scenarios can, however, easily be envisaged. In fact, possible variations of the original scotogenic model suggest new realizations of the idea proposed here. New charged fermions odd under the Z 2 symmetry can be added instead of, or in addition to, the neutral fermion f in table I. For example, one can replace the fermion f by a hyperchargeless isotriplet Σ, as in [18] or add this triplet field altogether, as in [19] . The dark matter candidate could then be an isotriplet-isosinglet fermion mixture or a scalar boson, generating new radiative contributions to the effective neutrino mass matrix in Eq. (12) . There will be a wider parameter space for obtaining the correct relic density [19] , as well as a consistent high energy behavior of the required Z 2 symmetry [15] . Likewise, a richer pattern of lepton flavour violation processes is expected [28] . All of this points towards a rich phenomenological potential which deserves dedicated study.
V. SUMMARY
We have proposed the simplest scotogenic extension of the minimum type-I seesaw scenario as a way to explain the hierarchy observed between the solar and atmospheric neutrino mass scales, Eq. (1), as well as to harbor a viable dark matter candidate. The template is the (3,1) type-I seesaw mechanism proposed in [7] characterized by an "incomplete" lepton sector consisting of a single "right-handed" neutrino. The setup is the minimal way to generate neutrino masses consistently, as well as the WIMP dark matter candidate. It gives a clear interpretation of the solar and atmospheric oscillation scales and the associated messengers. In the tree-level approximation one generates only the atmospheric scale, from the exchange of the single right-handed neutrino present in the (3,1) type-I seesaw mechanism, while the solar scale arises from calculable loop corrections mediated by the dark sector.
